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I. INTRODUCTION
In contrast to the main stream of ordering or suppressing chaos, the opposite direction of making a nonchaotic dynamical system chaotic or retaining the existing chaos of a chaotic system, known as "chaotification" (or sometimes, "anticontrol"), has attracted continuous attention from the engineering and physics communities in recent years [1] - [8] . There are many practical reasons for chaos generation, for instance, chaos has an impact on some novel time-and/or energy-critical applications. Specific examples include high-performance circuits and devices (e.g., delta-sigma modulators and power converters), liquid mixing, chemical reactions, biological systems (e.g., in the human brain, heart, and perceptual processes), secure information processing, and critical decision-making in political, economic and military events [1] . Some systematic and rigorous approaches have been developed to chaotify general discrete-time systems [3] - [8] , which inspire us to extend these technologies to some special systems.
Interactions between fuzzy logic and chaos theory have been explored since the 1990s. The explorations have been carried out mainly on fuzzy modeling of chaotic systems using the TS model [9] - [15] , linguistic descriptions [16] , [17] , and suppression control of chaos via an LMI-based fuzzy control system design [12] , [13] . In these investigations, to design a fuzzy-model-based controller the underlying chaotic systems are represented by TS fuzzy models. Some classical control techniques such as the LMI-based design methodologies are then employed to find feedback gains of the fuzzy-model-based controllers that can satisfy some specifications such as stability, decay rate, and constraints on the control input and output of the overall fuzzy control systems.
In our previous work, approaches were proposed to make discrete-time TS fuzzy systems chaotic by designing a suitable state feedback controller, which can have arbitrarily small control gain [18] . This controller, although with an arbitrarily small maximum magnitude, is capable of making the Lyapunov exponents of the controlled systems strictly positive while keeping all the system states uniformly bounded, thereby obtaining chaotic dynamics in the controlled systems. The Marotto theorem [19] is applied to show that the controlled system is indeed chaotic in the mathematical sense of Li and Yorke [20] . However, the question of how to chaotify a continuous-time TS fuzzy system is still open.
This paper attempts to provide a solution to this problem. In order to utilize previous research results to make a nonchaotic or even stable continuous-time TS fuzzy system chaotic, a natural and straightforward approach is to convert it to a discrete-time version, that is, to discretize the continuous-time TS fuzzy system. Conversion of the continuous-time controller to an equivalent digital controller is known as digital redesign. Digital redesign techniques were first considered in [21] , and then developed by many others [14] , [22] - [24] . Here, this discretization technique is adopted for discretization of a continuous-time TS fuzzy system. Then, among several candidates, a simple sinusoidal function is used to construct a state feedback controller, and the controlled discretized TS fuzzy system is proven to be chaotic in the sense of Li and Yorke. Finally, a simple example is included to verify and visualize the theory and the results of the paper.
II. DISCRETIZATION OF THE CONTINUOUS-TIME TS FUZZY MODELS
We first formulize the continuous-time TS fuzzy model, then give its discretization.
A. The Continuous-Time TS Fuzzy Model
The TS fuzzy model is described by a set of fuzzy implications [9] - [11] , which characterize local relations of the system in the state space. The main feature of the TS model is to express the local dynamics of each fuzzy rule (implication) by a linear state-space system model, and the overall fuzzy system is then modeled by fuzzy "blending" of these local linear system models through some suitable membership functions.
Specifically, a general TS fuzzy system is described as follows: 
in which i (k) can be regarded as the firing strength of the IF-THEN rules.
B. Discretization of the Continuous-Time TS Fuzzy Model
There are a few methods for discretizing a linear time-invariant (LTI) continuous-time system. Unfortunately, these discretization methods cannot be directly applied to the discretization of the continuous-time TS fuzzy models, since the defuzzified system is not LTI but linear time-varying. It is very difficult to obtain the state transition matrix for discretization. The recently developed theorem gives a rigorous mathematical foundation for the discretization of a continuous-time TS fuzzy model [24] .
Theorem 1: The continuous-time TS fuzzy model of the form Continuous-time Plant Rule i:
can be converted to the following model:
Discrete-time Plant Rule i: and T s is the sampling time.
Proof: The exact solution of (3) at t = kTs + Ts, where Ts > 0
is the sampling period, is given by
is the state transition matrix of (3), and 9 is the fundamental matrix of the uncontrolled TS fuzzy system (with u(t) = 0), and is nonsingular for all t.
For a sufficiently small T s , the input u(t) can be regarded approximately as a piecewise constant over the integration interval, namely, u(t) = u(kT s ) for kT s t < kT s +T s . Then, (6) can be rewritten as x(kT s + T s ) = Gx(kT s ) + Hu(kT s )
where Then, a set of difference equations can be used to describe the discrete-time TS fuzzy model at each kT s [25] .
In the time interval kTs t < kTs + Ts; Denote kT s by k, one has (5).
If the subsystems are stable in each local subspace, and i (x(t));i = 1; 2; . . . ; r, are continuously differential in the neighborhood of the origin, the local stability of the overall system is described as the following theorem. there exists a certain norm, k1 k, such that kGik < 1. From (4) and the convexity of the matrix norm, it follows that
i maxfkG i kg = maxfkG i kg = def < 1:
By the contraction mapping theorem, it is concluded that the uncontrolled discretized system (5) is stable in the neighborhood of the origin.
III. CONTROLLER DESIGN FOR CHAOTIFYING CONTINUOUS-TIME TS FUZZY MODELS
After converting the continuous-time TS fuzzy system to a discrete-time counterpart, we can design a controller for the discretized TS fuzzy system to make it chaotic.
The chaotification problem for the discretized system (5) is to design a control input sequence, fu(k)g 1 k=0 , with an arbitrarily small magnitude, > 0, namely ku(k)k ; for all k = 0; 1; 2; . . . ; (9) such that the controlled system (3) becomes chaotic. For this purpose, among several possible candidates, the simple sinusoidal function is used to construct the control input as follows:
['(x1(k));'(x2(k)); . . . ; '(xn(k))] T (10) where x(k) = [x 1 (k); x 2 (k); . . . ; x n (k)] T ; is a constant, and ' : < ! < is a continuous sinusoidal function defined by (see Fig. 1) '(x) = sin x :
Obviously, j'(x)j for any x 2 <, so that ku(k)k 1 , where k1 k 1 is the infinite-norm and can be arbitrarily small, as required by condition (9). : (13) This means that the sinusoidal function folds an expanding trajectory back toward the origin when the trajectory becomes too large in magnitude, thus bounding the controlled system trajectory globally.
On the other hand, it will be shown in the next section that if is chosen to be large enough, the controller designed above can lead all eigenvalues of the controlled system Jacobian, at every time step, exceeds the unity in absolute value. Consequently, it can be proven that all the Lyapunov exponents of the controlled system are strictly positive, so that the system trajectory is locally expanding in all directions. The combination of these two effects, stretching and folding, will then yield complex chaotic dynamics within the bounded region of the controlled system trajectories.
IV. VERIFICATION OF CHAOS IN THE CONTROLLED TS FUZZY MODEL
In this section, the Marotto theorem is first reviewed, and then applied to prove that the controlled system (5), (10) and (11) is chaotic in the sense of Li and Yorke.
A. The Marotto Theorem
Consider a general n-dimensional discrete-time autonomous system of the form
where g is a C 1 nonlinear map. Let g 0 (x) and det(g 0 (x)) be the Jacobian of g at the point x and its determinant, respectively, and let B(x; r) denote a closed ball in R n of radius r centered at the point x. Definition 1 [19] : A fixed point x 3 of (14) Theorem 4 [19] : If system (14) has a snap-back repeller then the system is chaotic in the sense of Li and Yorke, namely, 1) There exists a positive integer n such that for every integer p n, system (12) has p-periodic points.
2) There exist a scrambled set (an uncountable invariant set S containing no periodic points) such that a) g(S) S b) for every y 2 S and any periodic point x of (14) lim sup 
B. Verification of Chaos in the Controlled TS Fuzzy System
The theoretical result of the controller design is summarized as follows.
Theorem 5:
Suppose that i (k); i = 1; 2; . . . ; r, are continuously differentiable in the neighborhood of the fixed point, x 3 = 0, of the controlled system (5), (10) and (11) . Then, there exists a positive constant such that if > , then the controlled TS fuzzy system (5), (10) and (11) is chaotic in the sense of Li and Yorke. Proof: The controlled system (5), (10) and (11) is
Obviously, x 3 = 0 is a fixed point of (15), which is now proven to be a snap-back repeller. Differentiating (15) at this fixed point yields
If > (1+)=, then kg 0 (0)k > 1. By the continuity of g 0 (x) in the neighborhood of the fixed point, there exists a small positive constant, r, such that when x 2 B(x 3 ; r); kg 0 (x)k > 1.
Therefore, the Gerschgorin theorem [26] implies that all eigenvalues of g 0 (x) exceed the unity in absolute value for all x 2 B(x 0 ; r). Next, it is shown that there exists a point, x 0 2 B(x 3 ; r), such that (5), (10) and (11) is chaotic in the sense of Li and Yorke.
V. A SIMULATION EXAMPLE
To visualize the theoretical analysis and design, an example is included here for illustration.
Consider a continuous-time TS fuzzy system, which is the fuzzy model of the Lorenz equation, given by In terms of Theorem 1, the discretized TS fuzzy model of the continuous-time TS fuzzy Lorenz system is obtained as follows: are Hurwitz stable matrices. Hence, by Theorem 2, the continuous-and discrete-time TS fuzzy Lorenz system are stable. Then anticontroller is used as described in (10)- (11) to make the discretized TS fuzzy Lorenz system chaotic, the controlled TS fuzzy Lorenz system is described as follows:
In the simulation, the magnitude of the control input is arbitrarily chosen to be = 0:1. Thus, ku k k 1 < , and can also be regarded as a control parameter. When takes values of 0.6 and 2.1, the time wave diagrams, phase portrait diagrams, and bifurcation diagrams 
VI. CLOSING REMARKS
In this paper, an approach was developed to drive an originally stable continuous-time TS fuzzy system chaotic. A method was proposed to discretize the continuous-time TS fuzzy system first, then a simple state-feedback controller of arbitrarily small magnitude is designed, which is simple since only a sinusoidal function is used in the design. And yet the result is mathematically rigorous since it has been proven that the designed controlled system indeed becomes chaotic in the sense of Li and Yorke.
It is interesting to note that, instead of the sinusoidal function, the mod-operation controller can also make the stable discrete-time TS fuzzy system chaotic. Besides, we should also note that the proposed approach is available for any fuzzy system subject to with continuously differentiable membership functions (MF). Other fuzzy systems, such as that with triangular MF, need specified definition to satisfy the conditions in Theorem 5. In addition, for the choice of sampling time T s , the smaller it is, the more exact for discretization but the more time-consuming for control. So Ts should be chosen as large as possible under the guarantee of accuracy of discretization. Furthermore, this approach is easy to be utilized to practical digital control.
To our knowledge, this paper is the first attempt to systematically control a continuous-time TS fuzzy system to become chaotic on purpose. Many chaotic systems can be represented by TS fuzzy models. Hence, this design method of making a stable continuous-time TS fuzzy system chaotic provides a means to further explore the interaction between fuzzy control system theory and chaos theory, which has great potential in future engineering applications of chaos.
